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Near-Minimum-Time Control of Distributed Parameter
Systems: Analytical and Experimental Results

J. L. Junkins,* Z. H. Rahman,t and H. Bang$
Texas A&M University, College Station, Texas 77843

We present a method for generating globally stable feedback control laws for maneuvers of distributed
parameter structural systems. The method can accommodate system nonlinearity, and our proof of Lyapunov
stability does not rely upon spatially discretizing distributed parameter systems. The approach applies directly
to controllable distributed parameter systems that are open-loop conservative or dissipative. The most funda-
mental version of the formulation leads to controls that drive the system to a fixed point in the state space, but
more generally, we develop tracking-type control laws to null the departure of the system state from a smooth
target trajectory. Both analytical developments and experimental results are presented. The analytical results
provide a theoretical foundation for the approach, whereas the experimental results provide conclusive evidence
that the approach can be efficiently realized in actual hardware.

Nomenclature
El = assumed constant bending stiffness of beams
/i,/2,/3 = principal moments of inertia
IJ0 = distance from the hub center to the beam tip

and hub radius
M0)S0 = root bending moment and shear force,

respectively, at the hub clamp
m = mass of the tip mass
tfi^tfs = Euler-Rodriguez parameters
T - kinetic energy of rotation
tf = maneuver time
"max = saturation torque
Mi»W2»M3 = principal axis components of the external

control torque
At = rise time = atf
0 = hub inertial rotation
p = assumed constant mass/unit length of beams
coi,co2,co3 = principal axis components of angular velocity

Introduction: Motivation of the Approach Using Rigid
Body Maneuvers

T HE ideas are easily introduced by first considering
general, three-dimensional, nonlinear maneuvers of a

single rigid body. The equations of motion are1
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For the case of zero control torque, it can be verified readily
that total rotational kinetic energy is an exact integral of the
motion, viz., 2T - (/icof + I2u>2 + /sco2) = const. Motivated by
this total system energy integral, we investigate the trial
Lyapunov function

U = A (ql (2)

It is apparent that the additive term A (ql + q2 + #3) can ^e

thought of as the potential energy stored in a nonlinear spring;
therefore, we might anticipate that the system dynamics will
remain conservative if the only external torque is a conserva-
tive torsional spring. (Note that A is an arbitrary positive
constant.) Of course, we are not interested in preserving U as
a constant, but rather we seek to drive it to zero, and so we
anticipate determination of a judicious nonconservative con-
trol moment to guarantee that U is a decreasing function of
time. It is obvious by inspection that U is positive definite
except at the desired state <?/ = co/ = 0. Differentiation of
Eq. (2) and substitution of Eqs. (1) leads directly to the follow-
ing expression for U:

U = £ «/[«/ + Aqi(\ + ql -f ql + 03
2)] (3)

Of the infinity of possible control laws, we can see that any
M/(0i> #2» 03> <«>i» <*>2» ^3) that reduces the bracketed terms to a
negative semidefinite function times co/ will guarantee that t/is
negative semidefinite. The simplest choice is to select M/ so that
the /th bracketed term becomes - AT/CO/. This gives the negative
semidefinite dissipation rate of C/= - (k^l + kiu\ + k3u>l),
with &/>0. Thus, we obtain an elegant, globally stabilizing
nonlinear feedback control law for large angle attitude con-
trol:

ui = - [*/«, + Aq,(l + ql + ql + 03
2)], / = 1,2,3 (4)

Since U is a positive-definite, nonincreasing function of
time that vanishes at the origin, then the necessary and suffi-
cient conditions are satisfied for global Lyapunov stability.
(Note that this control law guarantees stability of the nonlin-
ear closed-loop system, of course, under the assumption of
zero model errors.) Since U is only negative semidefinite,
additional insight is required to conclude that we do indeed
have asymptotic stability. This insight can be gained by substi-
tuting the control law of Eq. (4) into Eqs. (1) and verifying
that the only equilibrium point is the origin. Thus, angular
velocity is generally nonzero for all #/(/) motions, and U is,
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therefore, negative almost everywhere (except at hub oscilla-
tion direction reversals and as it asymptotically approaches
zero at the origin). We note that this discussion excludes the
geometric singularity corresponding to a principal rotation
angle of 180 deg. This law has been generalized, however, to
permit feedback on the four Euler (quaternion) parameters as
in Refs. 3 and 9, which results in globally nonsingular attitude
control of a rigid body. The subsequent developments in this
paper establish similar, globally stabilizing maneuver control
laws for near-minimum-time, single-axis, flexible body ma-
neuvers. \

In practice, of course, guaranteed stability in the presence
of zero model error is not a sufficient condition to guarantee
stability of the actual plant with arbitrary model errors and
disturbances. On the other hand, defining a region in gain
space guaranteeing global stability for our best model of the
nonlinear system is an important step; one can thereby restrict
the optimization of gains to this stable family. The determina-
tion of the particular gain values can then be selected from the
infinity of globally stabilizing gains based upon performance
optimization criteria that take into account disturbance torque
characterization, low sensitivity to model errors, desired sys-

ServoDisk/Motor/

a) Configuration sketch

tem time constants, actuator saturation, and band with limita-
tions. Note that any additional model approximations intro-
duced in the gain design process cannot destabilize the
nonlinear system (assuming, of course, that our nonlinear
equations correctly model the system), so long as we restrict
the feedback gains to lie in the stable region. In this case, we
simply require (A, £1, k2, k3] to be positive. Of course,
approximations used in the gain design process will usually
degrade the performance of the actual nonlinear distributed
parameter system vis-a-vis predictions based on the approxi-
mate models resulting from spatial discretizations and lin-
earizations and, naturally, the painful truth that our best
nonlinear model never prefectly captures the actual system's
physics.

Notice that if a system has no inherent stiffness with respect
to rigid body displacements, it is necessary to augment the
energy integral by an artificial potential term such as
A(Q\ +4% + #32) m tne preceding example. Generally speak-
ing, such terms should be introduced subject to the necessary
condition that the target state is the global minimum of the
modified energy function. Then, the controls are usually se-
lected as simply as possible (from an implementation point of
view) to force dissipation (£/< 0) of the modified energy (Lya-
punov) function and thereby guarantee closed-loop stability.
Control laws established by this approach are sometimes
overly conservative, and so care must be taken that perfor-
mance optimality is not sacrificed on the alter of global stabil-
ity! We will see later that it is possible to relatively weight the
subsets of the ''error" energy associated with motion of struc-
tural subsystems, and, also, we will generalize the ideas to
admit "error" energies measured from time varying target
trajectories. The resulting flexibility of the approach provides
freedom for choosing Lyapunov functions that are qualita-
tively comparable to the freedom of performance index selec-
tion for applying optimal control theory. Although generaliza-
tions of the distributed parameter systems might be
approached in abstract terms, it is more illuminating to con-
sider a specific distributed parameter system, as discussed in
the following.

pdx = dm

"antisymmetric in unison deformation

b) Antisymmetric deformation

c) Notation for forces, moments, and constitutive model

Fig. 1 Experimental configuration.
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Vibration Suppression and Fine Pointing of a
Distributed Parameter System

With reference to Figs. 1-3 and Table 1, we consider control
of a rigid hub with four cantilevered flexible appendages. We
consider the appendages to be identical uniform flexible
beams and make the Euler-Bernoulli assumptions of negligible
shear deformation and rotary inertia. Each beam is canti-
levered rigidly to the hub and has a fine tip mass. Motion is
restricted to' the horizontal plane; a reaction wheel actuator
generates control torque u(t) that acts on the hub and is the
only external effect considered. We are interested in a class of
rest-to-rest maneuvers, and under the preceding assumptions,
we can show that the beams will deform in the antisymmetric
fashion (Fig. Ib) with the configuration's instantaneous mass
center remaining at the hub's geometrical center. Also, due to
the antisymmetric deformation of the beams, we need concern
ourselves with the deformation y(x,t) of a single beam, the
hybrid system of ordinary and partial differential equations
governing the dynamics of this system are

d20
/hub 2 = u 4(M° ~ (5a)

(5b)

(5c)

We denote higher-order terms by HOT to indicate other
known linear and nonlinear effects (such as rotational stiffen-
ing, shear deformation, extensional deformation, etc.). Most
of the developments herein do not consider these higher-order

disk-*

Fig. 2 Hub assembly.

optical
angle
encoder

Table 1 Air Force Office of Scientific Research/
Texas A&M University configuration parameters

Total undeformed system inertia, /
Hub center to gauge center, 10
Hub center to tip mass, /
Tip mass, m
Appendage modules of elasticity, E
Inertia of bending section, /
Mass density of appendage/length, p
Distance between two strain gauge set

2128, oz-s2-in.
5.5470, in.
51.07, in.
0.15627, oz-s2/in.
161.6 X 106, oz/in.2
0.000813, in.4
0.003007, oz-s2/in.2
1.365, in.

effects, however, we selectively discuss these generalizations as
well. The boundary conditions on Eqs. (5) are

_
dx2

= 0

= 0 (zero moment)

dx3

(6a)

(6b)

(6c)

The total energy of the system (which is constant in the ab-
sence of control or disturbances)

A tdx + m /— +-T-df dt (7)

Motivated by the recent work of Fujii et al.5 and Vadali,9 we
investigate the Lyapunov function

M*-)1
/

+ \EI\

/.

a2

\ Bt
(8)

where the coefficients af are included to allow relative empha-
sis on the three contributors to the error energy of the system,
and (') ss (d/df )• We have added the rigid body spring energy
term a2(0 - 0/)2 to make the desired final state

Jdesired

be the global minimum of U. It is obvious by inspection that
choosing 0/>0 guarantees that £/>0, and that, indeed, the
global minimum of U = 0 occurs only at the desired state.
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Differentiation, substitution of the equations of motion [Eqs.
(5) and (6)], and some calculus lead to

U = ̂  = 0[* i u + a2(6 - ef) + 4(03 - aWoSo - M0)] (9)

Since we require that V < 0 to guarantee stability, we choose
the control torque u as

t / = - (10)

so that U = — a402, and we obtain the following globally
stabilizing output feedback law

gi > 0, £2 ̂  0, #3 > - 4, for stability (1 1)

This control law is elegant. Notice that global stability of
the distributed parameter system is guaranteed, and since this
is an output feedback law, no state estimation is required. The
root shear and bending moment can be measured by (albeit
somewhat noisy) conventional strain gauges. The sign of
£3 = 4(03 - d\)/a\ depends whether we wish to emphasize dissi-
pation of the beam energy 03 > a\ or suppress the motion of the
hub 03<#i, as is evident from Eq. (8). The limit of #3=> - 4 is
approached as 03=»0, in which case the strongest emphasis is
placed on arresting the hub vibration. Since U= - a402 is
only negative semidefinite, proof of asymptotic stability rests
on the truth that all infinity of modes of this system, under the
implicit constraint of antisymmetric deformation, can be
shown to have nonzero hub rotation. The eigenfunctions are
established in Ref. 15. Therefore, 0(0 cannot vanish identi-
cally unless y(x,t) and [0(f ) - Bf] are identically zero, and as a
consequence, C/= -0402<0 and cannpt vanish identically
until the desired state has been achieved. We therefore have
global asymptotic stability.

It is of significance that this same linear feedback law,
Eq. (11), maintains its globally stabilizing character even when
the Euler-Bernoulli assumptions are generalized to include the
additional linear and nonlinear terms associated with the fol-
lowing effects: rotational stiffening, coriolis kinematic cou-
pling terms, aerodynamic drag, shear deformation, rotary
inertia of the beam, and the finite inertia of the tip mass. The
proof of these truths requires that the kinetic and potential
energy terms be modified to include these effects and that the
differential equations of motion be generalized consistently.
In short, global stability of the system using the control law of
Eq. (11) is very forgiving of modeling assumptions and, there-
fore, modeling errors.

A key necessary condition, which underlies the existence of
globally stabilizing control for the present application, and
envisioned extensions to more general distributed parameter
systems, is that the system must be controllable. Thus, the fact
that all infinity of the modes of Eqs. (5) are controllable by the
single input u(t) is a key necessary condition underlying the
existence of the globally stabilizing control law of Eq. (1 1) and
the extensions to the stable tracking laws of Eqs. (17) and (20)

t)

= 1

developed in the following section. For a flexible body system
to be controllable, it is necessary that the number of actuators
be at least equal to the number of rigid body freedoms of the
system. Thus truth can be inferred by the near-trivial observa-
tion that the flexible body model always includes a rigid body
as a limiting special case.

Although the constant gain linear feedback of Eq. (11) can
be tuned to work well for terminal pointing and vibration
suppression, it is a poor law for carrying out both a large angle
maneuver and terminal pointing/vibration suppression. In
fact, it quickly becomes evident from either analytical/numer-
ical or experimental studies that sophisticated gain schedule is
required if we use the linear feedback law of Eq. (11) to
efficiently control both the large maneuvering motions and the
small terminal motions. This is because the large gains re-
quired for effective vibration suppression near the target state
are typically several orders of magnitude too large for near-
minimum-time large angle maneuvers (i.e., the large gains
appropriate for vibration suppression, when used during a
large angle maneuver, typically results in significant 0 over-
shoots and, often, actuator saturation). Also, the large initial
torque typically introduces a large transient into the structure.
To obtain a control law appropriate for near-minimum-time
large angle maneuvers with vibration suppression, we modi-
fied the preceding developments to obtain stable tracking-type
feedback control laws. These results, including discussion of
global stability, are presented in the following section.

Near-Minimum-Time Large Angle Maneuvers of a
Distributed Parameter System

Consider briefly the near-minimum-time maneuver of a
rigid body. We know that the strict minimum-time control is
a bang-bang law, which for the rest-to-rest maneuver-to-the-
origin case, saturates negatively during the first half of the
maneuver and positively during the last half of the maneu-
ver.1'11'14 From an implementation point of view, the instanta-
neous switches of the bang-bang law are troublesome because
1) no torque-generating device exists that can switch instanta-
neously; 2) when generalized and applied to a flexible struc-
ture, the bang-bang class of controls excite poorly modeled
higher modes; and 3) the switch times (and, therefore, the
response of actual system) are usually very sensitive to model-
ing errors. Recently, an attractive family of controllably
smooth approximations of the sign function has been intro-
duced to modify the admissible controls in minimum-time
control formulations. The approximation we presented in
Refs. 8 and 10 involves products of transcendental functions,
but our recent experimental work2'7 indicates that a much
simpler piecewise continuous spline approximation of the sign
function is more attractive from an implementation point of
view. Using this approach, a typical near-minimum-time con-
trol law (for single axis, rest-to-rest maneuver of a rigid body)
has the form

where //is the maneuver time, we choose the + sign if 0/>00,
ot = At/tf, and the smooth sign function approximation
adopted is

for

for

for

for

for t3<t<tf
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Adopting the positive sign, Eq. (12) integrates to yield

(13a)

The integrations in Eqs. (13) can be carried out in terms of
elementary functions, which are not presented here for the
sake of brevity. Figure 4 shows a maneuver resulting from
these integrations for a typical selection of parameters
(a « 0.25, wmax = 400 oz-in., and a 40 deg rest-to-rest maneu-
ver of a rigid approximation of the structure in Fig. 1 and
Table 1). For rest-to-rest maneuvers, we impose the boundary
conditions.

At t0 = 0:

0(0) = 00, 0(0) = 0

At time tf.

(14a)

(14b)

and upon carrying out the integrations implied in Eqs. (13), we
obtain the useful relationship

(15)

or

>/= /(0/-00)
t/maxKl/4) - (l/2)Qf + (1/10)<X2]J

[degtf]

(16)

3 time t [sec] 6

Fig. 4 Torque-shaped rigid body maneuver.

In Eq. (16), we have the explicit tradeoff between torque
shaping a, target maneuver time //, maneuver angle 0/ - 00,
and maximum angular acceleration umax/I. Obviously,
Eqs. (15) can be inverted for any of these as a function of the
remaining parameters. If we set a = &t/tf = 0, of course, we
obtain the well-known special case result expressing the rela-
tionship between the minimum tjme, maneuver angle, inertia,
and saturation torque for bang-bang control. It is obvious that
setting a controls the sharpness of the switches, with a = 0
corresponding to bang-bang control (instantaneous switches).
Figure 5 shows the maneuver time t/ vs a, from Eq. (16),
whereas Fig. 6 shows the residual total energy (at time tf) when
the torque command wref(0 = umaxf(oitf9 //, t) is applied to
simulate the flexible body response (first six modes from a
discrete Ritz model2 of order 20). Notice (Fig. 6) that open-
loop torque shaping reduces residual vibration at time tf by 3
orders of magnitude (a = 0.1) with only about a modest in-
crease over the minimum time rigid body maneuver (a = 0).

The preceding results and Refs. 6-10 support the intuitively
obvious truth that applying judiciously smoothed bang-bang
controls such as Eq. (12) to generate an open-loop maneuver

Fig. 5 Rigid body maneuver time vs saturation torque and torque-
shaped parameter.

Fig. 6 Flexible body open-loop residual vibration energy vs satura-
tion torque and torque-shaped parameter.
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of a flexible body can result in near negligible structural vibra-
tion, for sufficiently slow maneuvers (small umBX and large a)
and neglecting disturbance torques. Of course unmodeled dis-
turbances, control implementation errors, and model errors
will almost always negate some of these apparent gains. How-
ever, sharper control switches obviously increase the probabil-
ity that higher frequency, less well-modeled models will be
excited, and, therefore, robustness is generally even more of
an issue for bang-bang controls. Even for relatively small
departures from bang-bang control, actual torque-shaped ma-
neuvers of highly flexible structures typically enjoy several
orders of magnitude reduction in residual vibration, thus,
overall maneuver time can be reduced significantly by torque
shaping. This suggests the strategy of using a shaped torque
profile to define an a priori reference rigid or flexible body
maneuver, then based upon measurements of the actual flex-
ible body's departure from this reference motion, superimpose
a feedback control on the reference shaped torque history.
Also of significance, it is usually desirable to select the refer-
ence torque profile (e.g., wmax, a, etc.) to consider the avail-
able sensor and actuator dynamics and thereby make the
commanded torque history more nearly physically achievable.

Pursuing this logic judiciously, a family of tracking feed-
back control laws can be established for near-minimum-time,
large angle maneuvers; these laws have a similar structure to
the stable output feedback control of Eq. (11) and, in fact,
approach it continuously as the maneuver is completed. Our
approach is motivated by our analytical, numerical, and ex-
perimental results,2'4'6"10 which indicate that bang-bang flex-
ible body controllers are sensitive to modeling and control
implementation errors. Thus, we seek control laws that are a
smooth torque-shaped compromise between the competing
objectives of 1) minimizing maneuver time, 2) minimizing
residual vibration, and 3) minimizing sensitivity to model and
control implementation errors.

Suppose we adopt a reference rigid body maneuver {0ref (t),
0ref(OAef(0 = Wref/J) satisfying Eqs. (12-16), where /is the
undeformed moment of inertia, and we have implicitly se-
lected a, t/max, and computed tf from Eq. (16) for specified
initial and final angle. Motivated by the issues discussed ear-
lier and the quadratic regulator perturbation feedback con-
trollers discussed in Refs. 1 and 8, we hypothesize the follow-
ing structure for the control law.

U = Wref (0 - (gl(0 - 0ref)

- (10S0 - M0)ref] } (17)

where it is easy to show that the root moment for the reference
(rigid body) motion is proportional to the angular accelera-
tion:

(10S0 - AfoXef = [P(/3 - ll) t f (0

3 | p 6y + xdO \

We consider the candidate error energy Lyapunov function

2U = tf i/hub502 + a2d02

(18)

Where 6()==()-( ) , . and the ()r quantities are evaluated
along the open-loop flexible body solution of Eqs. (5) with
u(t)- Mref(0- We have investigated the time derivative of U
and found that it is given exactly by

- *! wref + a2(0 - Or)

M0) - (10S0 - M0)r}]

Pursuing the objective of globally stable control, it is clear
that setting the {} term equal to — a4(0 — Or) leads to the
following globally stabilizing [with U = - a4(6 - 0r)2] control
law

Wref (0 - [gl(0 - Or) + g2(0 - Or)

- M 0 ) - (loS0 -M0)r]] (20)

Obviously, the globally stabilizing control law of Eq. (20) is
similar to the conjectured law of Eq. (17); the difference being
that Eq. (17) requires presolution for the open-loop rigid body
()ref quantities, whereas the globally stabilizing control law of
Eq. (20) requires solution for the open-loop flexible body ( ) r
quantities from the partial differential equations. Since near-
minimum-time control implies a certain urgency, it is obvious
that the negligible computational overhead of Eq. (17) makes
it more attractive than Eq, (20), from the point of view of
real-time implementations. Therefore, the following question
naturally arises: what are the global stability characteristics of
the system using the simpler law of Eq. (17), as a function of
the gains (glf g2, £3) and the torque shape parameters (a, wmax)
implicit in uref(t)l Rather than using Eq. (19) to determine u(t)
of Eq. (20), we can instead use Eq. (19) to evaluate the
stability of motion resulting from using the feedback control
u(t) of Eq. (17). The region possessing Lyapunov stability can
be found directly by substituting Eq. (17) into Eq. (19) and
finding the region for which tf is guaranteed to be negative.
Substitution of Eq. (17) into Eq. (19), upon introducing nota-
tion A( ) = ( )r - ( )ref, leads tO

- Mo)}] (21)

Notice that a sufficient condition characterizing the region
where U< 0 is the dominance of the first term in the braces of
Eq. (21), this gives the Lyapunov stability condition

|0 - Or\ >p m (l/g2)\glAO + #2A0 + &Att& - (22)

(19)

If the angular velocity tracking error |0-0r| exceeds /*, then U
is negative and apparently U decreases until the region
bounded by Eq. (22) is approached. It is further apparent that
the A quantities on the right side of Eq. (22) are finite and
(pre-) computable differenced between the open loop flexible
( )r and rigid body ( )ref motions; thus, an upper bound can be
established directly by precomputation of a family of two
open-loop motions and the use of a particular set of feedback
gains. Equation (22) thus determines an angular velocity
boundary defining a region F near the ( )ref motion. Note that
large motions are globally attracted to F because C/<0 every-
where outside of this region. Thus, the control law of Eq. (17)
is almost globally stabilizing, and the only region where
asymptotic stability cannot be guaranteed is in F near the
target trajectory. Furthermore, the right side of Eq. (22) is
essentially a measure of how nearly the target trajectory satis-
fies the flexible body equations of motion; a judicious choice
of the torque shaping parameters defining the target trajectory
can usually be made to result in \i being sufficiently small.

A bounded-input/bounded-output (BIBO) viewpoint of sta-
bility can be used to establish some insight into the motion in
the F region. Departure motion differential equations for
d( ) = () — ( )r quantities can be obtained by differencing Eqs.
(5), driven by the control law of Eq. (17), from the rigid body
equations of motion, driven by uref(t). Upon formulating
these equations, we find departure motion is governed by a
linear, otherwise asymptotically stable system of differential
equation, forced by the known A terms that appear in
Eq. (22). The d() motion in the F region is thus bounded
because the A forcing terms are bounded; the finite maxima of
these terms can be found by direct calculation. The resulting



412 JUNKINS, RAHMAN, AND BANG J. GUIDANCE

departure motion is therefore bounded everywhere in the T
region, which was already known to have a finite dimension p.
Since the actual numerical bounds on the A and /* quantities
can be made arbitrarily small (depending on how nearly the
user-defined reference trajectory is made to satisfy the open-
loop equations of motion), we have a very attractive theoreti-
cal and practical situation vis-a-vis stability of the closed-loop
tracking motion. We see that the closed-loop motion is
globally attracted to the controllable small T region near the
target trajectory, and considering the motions within F, we
have BIBO stability.

The preceding discussion probably can be generalized for
any smooth target trajectory, but we find that it is especially
attractive to use a torque-shaped rigid body reference trajec-
tory because the reference maneuver can be calculated in
closed form [such as the family of Eqs. (12-16)]. Note that
Eqs. (12-16) have a C1 continuous transition to the final fixed
state:

so that for />//, only the three feedback terms of Eqs. (17)
are contributing to the terminal fine-pointing/vibration arrest
control. Thus, the controls blend continuously from the large
angle tracking law of Eq. (17) into a constant gain controller
(for t > tf) identical to the globally stable fixed point output
feedback case of Eq. (10).

Simulated Results for the Large Angle
Maneuvers Experiment

Returning to the family of 40 deg open-loop maneuvers
used to generate the energy surface of Fig. 6, we computed the
velocity tracking bound p for Lyapunov stability [as given by
Eq. (22)] and found the maximum value (/xmax) of p(t) along
each trajectory. Figure 7 displays this worst case tracking
bound (maximum value of /x) surface fimax (a, Mmax) region
used to generate Fig. 5 and 6. The closed-loop tracking error
bound has a roughly analogous behavior to the open-loop
residual vibration energy surface of Fig 6. Recall that outside
the region bounded by the inequality of Eq. (22) we have guar-
anteed Lyapunov stability, using the control law of Eq. (17)
and the reference rigid body torque given by Eqs. (12-16).
From Fig. 6, it is clear that sufficiently small pmax and large a
result in arbitrarily small tracking errors, but the (small a,
large wmax) near-bang reference maneuvers cannot be tracked
as precisely. It is easy to see how a family of candidate (a,
"max) designs can be found that satisfy specified inequalities on
maneuver times, tracking errors, and residual vibration energy
by direct examination of the surfaces of Fig. 5-7.

Our experience with simulations (and in the actual hardware
implementations presented later and in Refs. 2, 6, and 7)
support the conclusion that we can use these surfaces to estab-
lish a large region of feasible designs in the space of torque-
shaped parameters and control gains. Optimization over the
set of feasible designs should include consideration of the
nature of disturbances to be rejected. Prior to discussing our
experimental results, we present some further simulations to
show state and control variables histories along typical trajec-
tories of underlying the above surfaces. We include in these
simulations the effects of disturbance torques in order to
illustrate the effectiveness of controls in the presence of un-
modeled effects. For simplicity, we consider here only the case
of a 40 deg rest-to-rest maneuver, and set wmax = 400 oz-in. for
all cases.

For our computational and experimental studies, we con-
sider two control laws: namely, the output feedback law (con-
trol law I) of Eq. (10), and the tracking-type feedback control
law (control law II) of Eq. (17). Although control law ll could
be used with an arbitrary reference trajectory, we elect to
specifically investigate the torque-shaped rigid body trajecto-
ries of Eqs. (12-16). The torque-shaped open-loop control

Fig. 7 Boundary of the Lyapunov-stable tracking region vs satura-
tion torque and torque-shaped parameter.

history uref(t) can be precomputed (in a fraction of a second!)
from Eqs. (12-16) and stored, whereas the instantaneous tra-
jectory variables {0ref (t), d«r(0, t/<A(0 - AWOLcf Jare inte-
grated easily in real time. Note that the boundary conditions
of Eqs. (14) are enforced by using Eq. (16) to compute the
trajectory maneuver time as a function of the maneuver angle,
saturation torque, and torque-shaped parameter.

We now discuss the simulation results using control law II,
which obviously blends into control law I in the end game (for
t > tf). In the experimental results, we report maneuvers car-
ried out by both control laws and we confine the simulation
results to control law II. Both open-loop (all g/ =0) and
closed-loop time histories of selected variables are shown in
Figs. 8a-8d for a typical maneuver. Figures 8a and 8b show
the hub angle and angular velocity for the case of an open-
loop control and in the presence of substantial impulsive and
quasirandom (5 oz-in., 1 a) disturbance torques. It is evident
that the disturbance torque history is very significant vis-a-vis
our experimental hardware; however, certain nonrandom,
nonlinear effects associated with the bearing friction cause
disturbances that are correlated in time and are not well repre-
sented by the present white noise model of the disturbance
torques. In spite of the substantial disturbance torques (Figs.
8a ad 8b), however, it is evident that our simulations indicate
that the closed-loop flexible body dynamics in fact follows the
near-minimum-time rigid body motion closely while effec-
tively suppressing vibration (Figs. 8c and 8d). In addition to
the variables graphed in Figs. 8, we confirmed that the energy
of the first 10 modes was effectively suppressed. These simu-
lated results are very consistent with the experimental results
below and those presented in Ref. 2.

Experimental Results
In all of the experiments discussed in the following, we

set the target final angle to 40 deg and wmax = 400 oz-in. A
detailed description of the hardware is given in Ref. 2. We
overview the system as follows. The configuration (Fig. 13,
Table 1) has a span of approximately 9 ft and has six natural
frequencies below 20 Hz. The system is accurately balanced,
and the four aluminum appendages' geometric, mass, and stiff-
ness parameters are matched to high precision; the first three
measured cantilevered natural frequencies of the four individ-
ual beams were found to be identical16 to within 0.05 Hz.

With this design, the appendages vibrate almost exclusively
in the horizontal plane; the hub is balanced on a custom-de-
signed needle-jewel bearing that constrains the hub to rotate
about the vertical axis. Our measurements confirmed that
negligible out-of-plane motion occurred in our experiments,
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Fig. 8 Simulated open- and closed-loop 40-deg maneuver with random disturbance torques.

although there is occasional evidence of small beam torsional
vibrations. The bearing stiction/friction torque is significant
( — 20 oz-in.), but is sufficiently small and predictable to per-
mit meaningful experiments. Aerodynamic damping is impor-
tant only during the most rapid slew maneuvers; it usually
represents a small perturbation vis-a-vis the large active vibra-
tion damping introduced by the feedback controller. The con-
trol torque is achieved by means of a reaction wheel mounted
to the shaft of a dc motor (Fig. Ic), which is, in turn, mounted
to the hub. The commanded motor torque is achieved by
precision current control using power amplifiers, as described
in Ref. 2. The angular rotation of the hub is measured using a
Teledyne-Gurley angle encoder accurate to about 0.01 deg,
whereas the root bending moment and shear force estimates
are derived from conventional full bridge strain angle mea-
surements. The derived estimates of the angular velocity his-
tory has a variance of approximately 1 deg and a time lag of
0.01 sec. The noise and phase lags in the angular velocity
estimates and the strain-gauge-derived root shear force and
bending moment estimates limit the bandwidth of the closed-
loop system to approximately 10 Hz. The errors in the noisy
shear force and angular velocity estimates represent the main
source of the precision and bandwith constraints of the exper-
imental implementations. The control loops were closed, for
all experiments discussed later, at 75 Hz; the angle encoder
was also sampled at 75 Hz, whereas the strain gauges were
sampled an order of magnitude faster and filtered to reduce
the effects of sensor noise and higher frequency modes outside
the bandwidth of our controller.2

Figure 9 shows the experimental system response for a ma-
neuver using control law I [the constant gain control law of
Eq. (11)] with gi = 600 oz-in./rad, g2 = 800 oz-in./rad/s, and
£3 = 0. Even though control law I [Eq. (11)] is anticipated to
be poorly designed for large angle maneuvers, we, nonethe-
less, apply this law to carry out 40 deg maneuvers to provide
a reference for the subsequent discussion. Since the initial

position error is large, the maneuver starts from zero with an
initial discontinuity to a large torque. For this gain selection,
we see a large overshoot ( — 10 deg) and significant structural
vibration that settled around 12 s; the control was terminated
at 16 s. These results were repeatable; however, the residual
angle was typically ~ 0.25 deg because the gain gi could not
be set sufficiently large to overcome terminal bearing stiction
without causing initial actuator saturation and large over-
shoots. As is demonstrated in Ref. 2, the overall maneuver
shape and settling time is sensitive to the gains selected; how-
ever, less than 10% reductions in the 12s settling time can be
achieved without initially saturating the actuator.

Control law II, on the other hand, leads to attractive near-
minimum-time maneuvers. One feasible set of gain settings
and torque shaped parameters leads to the experimental re-
sults shown in Fig. 10. The effect of using a smooth, judi-
ciously shaped reference torque history is evident if one com-
pares the output and control variable histories in Fig. 10 with
those of Fig. 9. This implementation of control law II pro-
duced much smaller overshoot («1.5 deg vs — 10 deg),
shorter maneuver time (6 s vs 12 s), and greatly reduced the
severity of peak vibration, compared to control law I. These
results, especially when considered in conjunction with numer-
ous other cases, are reported in Refs. 2, 7, and 8 and provide
convincing evidence that control law II is a versatile and highly
effective way to incorporate open-loop torque shaped opti-
mization with enroute and terminal vibration suppression.
The fact that a globally continuous control structure is implicit
in this approach leads to minimal difficulties in realizing ro-
bust control laws. We encountered several practical diffi-
culties in our experimental work, but these difficulties are not
central to our control law design approach. First, the shear
force and bending moment measurements via strain gauges
resulted in sufficiently noisy measurements that, using this
feedback fe ^ 0), only marginally improved the controlled
response over, for example, the results in Fig. 10. Also, deriv-
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ing the angular velocity estimate from the noisy angle encoder
readout was difficult to accomplish with high precision, and as
a consequence, we constructed a digital filter to process out
angle encoder data and roll off the frequency content in the
rate estimates above 10 Hz. We found this was useful to avoid
erroneous, phase lagged high frequency components of the
feedback that disturbed the higher frequency modes. This
problem can be eliminated by investing in a more precise
sensor to measure angular displacement and/or angular veloc-
ity. Finally, our bearing presented us with some mechanical
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difficulties. Based upon analysis of our bearing hardware, it
became evident that interaction of the structure with the bear-
ing accounts for the overwhelming source of disturbance
torques. The bearing friction/stiction model developed from
our analysis2 has the form

bearing = ~ Cl Sign (0) - C26 + HOT (23)

where we find c\ ~ 20 oz-in. and c2 ~ 0.001 oz-in./rad/s
Thus, the first (stiction) term of Eq. (23) dominates the bear
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Fig. 9 Experimental results: 40-deg maneuver using control law I. Control gains: g = 600 oz-in./rad; g2 = 800 oz in./rad; £3 = 0.
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Fig. 10 Experimental results: 40-deg maneuver using control law
shaped parameters: a = 0.2, nmax = 400 oz-in.
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ing torque for moderate 0 and is about 5% of the peak
commanded torque of 400 oz-in. Although we believe Eq. (23)
models the bearing friction well, we found that it is difficult to
use this model to compensate for bearing friction in real time
because angle encoder noise results in our estimated instants
that 0 switches sign being uncertain. This difficulty has signif-
icant practical consequences. If we modify our control using
Eq. (23), the commanded discontinuity (at the estimated time
that 0 changes sign) will not coincide exactly with the actual
stiction discontinuity; even slightly mistimed compensation
torque discontinuities can actually worsen the disturbance!
Although we experimented with several bearing torque com-
pensation schemes, we ultimately decided to simply consider
bearing torque an anticipated and well-modeled disturbance.
Our simulations (such as the results shown in Fig. 8) indicated
that our control approach could easily tolerate disturbances of
this magnitude, and our successful experiments in Figs. 9, 10,
and Ref. 2 certainly confirm that our implemented control
laws are robust in the presence of the actual disturbances.

Concluding Remarks
We have presented an approach to the design of feedback

control laws for large maneuvers of distributed parameter
systems and have conducted successful experiments. This ap-
proach establishes stable gain regions over which subsequent
optimizations can be carried out with global stability guaran-
teed (to within model errors, of course). The formulation
permits approximate imposition of actuator saturation con-
straints and a priori control shaping via user specification of a
torque-shaped, optimized reference trajectory. The resulting
track-type control law is shown to result in Lyapunov stability
in the sense that all trajectories are globally attracted to a
small region near the reference trajectory. The tracking law
automatically blends smoothly into a globally stable, constant
gain, terminal output feedback controller. We believe this
approach is much more attractive than gain scheduling be-
cause the logical and implementation complications associated
with discontinuous gain change (handoff) logic can be avoided
altogether. We have considered in detail the case of single axis
maneuvers of a flexible body system and a particular family of
torque-shaped, near-minimum-time rigid body reference tra-
jectories. We demonstrated numerically the effects of torque
shaping on maneuver time and established a precomputable
bound on the size of region near the target trajectory in which
Lyapunov-stable tracking cannot be guaranteed. We described
hardware experiments that successfully implemented these
ideas.

We have demonstrated the feasibility of our analytical for-
mulations and experimental approach. We are optimistic that
these ideas extend to a significant family of multiaxis maneu-
vers of multiple flexible body systems and the maneuver con-
trol problems associated with multiple body reconfiguration,
pointing/tracking, and deployment dynamics.
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